The science operations of the LISA Pathfinder mission has demonstrated the feasibility of subfemto-g free-fall of macroscopic test masses necessary to build a LISA-like gravitational wave observatory in space. While the main focus of interest, i.e. the optical axis or the x-axis, has been extensively studied, it is also of interest to evaluate the stability of the spacecraft with respect to all the other degrees of freedom. The current paper is dedicated to such a study, with a focus set on an exhaustive and quantitative evaluation of the imperfections and dynamical effects that impact the stability with respect to its local geodesic. A model of the complete closed-loop system provides a comprehensive understanding of each part of the in-loop coordinates spectra. As will be presented, this model gives very good agreements with LISA Pathfinder flight data. It allows one to identify the physical noise source at the origin and the physical phenomena underlying the couplings. From this, the performances of the stability of the spacecraft, with respect to its geodesic, are extracted as a function of frequency. Close to 1mHz, the stability of the spacecraft on the XSC , YSC and ZSC degrees of freedom is shown to be of the order of 5.0 10 −15 m s −2 / √ Hz for X and 4.0 10 −14 m s −2 / √ Hz for Y and Z. For the angular degrees of freedom, the values are of the order 3 10 −12 rad s −2 / √ Hz for ΘSC and 3 10 −13 rad s −2 / √ Hz for HSC and ΦSC . Below 1mHz, however, the stability performances are observed to be significantly deteriorated, because of the important impact of the star tracker noise on the closed loop system. It is worth noting that LISA is expected to be spared from such concerns, essentially as Differential Wave-front Sensing, an attitude sensor system of much higher precision, will be utilized for attitude control. *
The science operations of the LISA Pathfinder mission has demonstrated the feasibility of subfemto-g free-fall of macroscopic test masses necessary to build a LISA-like gravitational wave observatory in space. While the main focus of interest, i.e. the optical axis or the x-axis, has been extensively studied, it is also of interest to evaluate the stability of the spacecraft with respect to all the other degrees of freedom. The current paper is dedicated to such a study, with a focus set on an exhaustive and quantitative evaluation of the imperfections and dynamical effects that impact the stability with respect to its local geodesic. A model of the complete closed-loop system provides a comprehensive understanding of each part of the in-loop coordinates spectra. As will be presented, this model gives very good agreements with LISA Pathfinder flight data. It allows one to identify the physical noise source at the origin and the physical phenomena underlying the couplings. From this, the performances of the stability of the spacecraft, with respect to its geodesic, are extracted as a function of frequency. Close to 1mHz, the stability of the spacecraft on the XSC , YSC and ZSC degrees of freedom is shown to be of the order of 5.0 10 −15 m s −2 / √ Hz for X and 4.0 10 −14 m s −2 / √ Hz for Y and Z. For the angular degrees of freedom, the values are of the order 3 10 −12 rad s −2 / √ Hz for ΘSC and 3 10 −13 rad s −2 / √ Hz for HSC and ΦSC . Below 1mHz, however, the stability performances are observed to be significantly deteriorated, because of the important impact of the star tracker noise on the closed loop system. It is worth noting that LISA is expected to be spared from such concerns, essentially as Differential Wave-front Sensing, an attitude sensor system of much higher precision, will be utilized for attitude control.
I. General Introduction -The stability of a space platform, understood as a property of low noise acceleration of the platform with respect to the local geodesic, is a quality that is often searched for in order to satisfy the requirements of scientific observations or to perform tests of fundamental physics. Examples of such activity range from high precision geodesy, gravity field and gradient measurements (GRACE, GOCE), experimental test of gravitation (GP-B, MICROSCOPE) and gravitational wave astronomy (LISA Pathfinder, LISA). Using two quasi free-falling test masses (TMs), LISA Pathfinder (LPF) [1] has demonstrated remarkable properties related to its stability and recent publications (see [2] and [3] ) have presented the observed performance along the axis joining its test masses. However, the importance of the stability of the LISA Pathfinder platform is not limited to this axis, therefore in this paper we present results associated to its 6 degrees of freedom. In order to evaluate these performance, it is necessary not only to make use of the internal measurement of its sensors and actuators but also to deduce the true motion of the spacecraft S/C impacted by the imperfections of the sensor and actuator systems. Beyond this, it is also necessary to evaluate the relative motion between the test masses and the platform due to internal forces whose manifestation is hidden from most sensors because the closed-loop control scheme nulls the measurement of inloop sensors on LISA Pathfinder. In this publication we first introduce the configuration of the LISA Pathfinder platform and then the closed-loop control scheme that allows the observed performance to be reached. In order to understand how these performance are reached, we introduce a simplified linear time invariant State Space model which allows extrapolation from in-loop sensor outputs in order to obtain needed physical quantities otherwise unobserved. An important example of such quantity is the actual low frequency relative displacement between the test masses and the S/C, driven by the sensors noise and masked by fundamental properties of the closed-loop systems (further details at section VII). We show that this model is capable of reproducing the observations of the sensors to within a few percent and can therefore be relied upon. The last section, before the conclusion, is devoted to summing up all the effects that allow the stability of LPF w.r.t. its local geodesic over the six degrees of freedom to be deduced.
II. The LISA Pathfinder Platform -LISA Pathfinder [4] aims to demonstrate that it is technically possible to make inertial reference frames in space at the precision required by low-frequency gravitational waves astronomy. Indeed, in a LISA-like observatory ‡ Corresponding author: hinchauspe@ufl.edu design [5] , one needs excellent references of inertia inside each satellites in order to differentiate between spurious accelerations of the apparatus from gravitational radiations, which both result in detected oscillatory variation of the arm lengths of the spacecraft constellation. The quality of free-fall achieved along the X-axis, the axis of main interest (i.e. representing axes along LISA arms), has already significantly exceeded expectations [2] . In addition to limiting stray forces acting directly on the TM, the LPF differential acceleration result required stringent and specific control of the TM-SC relative motion, to limit elastic "stiffness" coupling and possible cross-talk effects. Besides, post=processing software corrections from modeling of such S/C-to-TM acceleration couplings have been proven to be necessary and efficient in order to extract measurements of residual acceleration exerted on the TMs only (such as inertial forces, stiffness coupling, cross-talk corrections [2] ).
The control scheme required challenging technologies permitting high precision sensing and actuation in order to finely track and act on the three bodies and keep them at their working point. LISA Technology Package (LTP), the main payload of LISA Pathfinder, was built to demonstrate the required performance [4] and includes high performance sensing and actuation subsystems. The Gravitational Reference Sensor (GRS) [6] includes the 1.93kg Au-Pt test mass, surrounded by a conducting electrostatic shield with electrodes that are used for simultaneous capacitive position sensing and electrostatic force actuation of the TM. The Optical Metrology System (OMS) [7] uses heterodyne interferometry for high precision test mass displacement measurements. Angular displacements are sensed through the Differential Wavefront System (DWS) using phase differences measured across the four quadrants of photodiodes. Star Trackers (ST) orients the spacecraft w.r.t. to a Galilean frame and the micro-thruster system, a set of six Cold-Gas microthrusters (a technology already flown in space with ESA's GAIA mission [8] and CNES's Microscope mission [9] ), allows S/C displacement and attitude control along its six degrees of freedom. Note that LISA Pathfinder also has a NASA participation, contributing a set of 8 Colloidal Thrusters and the electronics/computer that control them [10] .
III. The Drag-Free and Attitude Control System (DFACS) -The Drag-Free and Attitude Control System (DFACS) [11] is a central subsystem in LISA Pathfinder architecture. It has been designed by Airbus Defence & Space [12] . It is devoted to achieve the control scheme that maintains the test masses to be free-falling at the centre of their electrode housings (translation control), to keep a precise alignment of the TMs w.r.t. the housing inner surfaces (rotation control) and to track the desired spacecraft orientation w.r.t. inertial frames (spacecraft attitude control). The translational control strategy is designed to limit any applied electrostatic suspension forces on the TMs to the minimum necessary to compensate any differential acceleration between the two TMs, while common mode motion of these geodesic references, which essentially reflects S/C accelerations, is drag-free controlled with the micro-thrusters. Limiting the applied actuation forces limits a critical acceleration noise from the actuator gain noise. This drag-free control is essentially used to counterbalance the noisy motion of the spacecraft, which is both exposed to the space environment and largely to its own thrust noise. A linear combination of test mass coordinates inside their housing along Y − and Z− axes are preferred for drag-free control, translational thrust being used to correct common-mode displacements while rotational actuations are performed to correct differential-mode displacements (see table I, entries [5] [6] [7] [8] . Due to the geometrical configuration of the experiment (see figure 1) , differential x−displacements of the TMs cannot be corrected by the drag-free control. In this case, it is necessary to apply control forces on one of the TMs along the X-axis. The strategy used is to leave TM1 in pure free-fall while the second mass is forced to follow the first, in order to keep the relative position of the masses constant at low frequencies. The amount of electrostatic force required to achieve this is measured and accounted for in the computation of the acceleration noise experienced by the masses [2] . This control scheme is called suspension control. All the angular coordinates of the test masses (except rotation around x 1 ) are controlled by the suspension control scheme (see table  I ). The attitude of the spacecraft w.r.t. Galilean frame are supported by the attitude control. Because the commanded torques on the satellite are driven by the dragfree control of the differential linear displacement of the 
masses along Y − and Z− axes, as previously mentioned, the attitude control is realized indirectly. First, the attitude control demands differential forces on the masses according to information coming from the star trackers. Then, the drag-free loop takes the baton and corrects the induced differential displacement by requiring a rotation of the spacecraft, thus executing the rotation imposed by the star trackers.
IV. Steady-State Performances: a Frequency Domain Analysis -This study focuses on the LISA Pathfinder data during the measurement campaign where very long "noise only runs" were operated in nominal science mode [13] : data collected in April 2016 and January 2017 are considered here. The "noise only run" denomination means that the closed-loop is left to operate freely without injecting any excitation signal of any kind. The 15 in-loop measurement read-out, listed in table I, are studied in the frequency domain. As in-loop measurements, they do not strictly reflect the dynamical state (i.e. the true displacements) of the TMs inside their housings, but represent the error signal of the control loop for each measurement channel, the working point being zero for all the degrees of freedom except for the S/C attitude. The 10Hz sampled ten day long data-sets are processed through Welch's modified periodogram method [14] [15] to estimate variance-reduced power spectral densities of the measurement outputs, using 15 50% overlapping Blackmann-Harris windowed average segments.
As an example, figure 2 shows the spectral density of the o 1 channel during the April 2016 run, i.e. the in-loop Figure 2 . Decomposition of the in-loop optical measurement o1 spectrum, giving the linear motion of test mass 1 along x, into the various contributions from the sensing noise and the external disturbances. The blue curve corresponds to the LISA Pathfinder data. The red curve is built from modelled closed loop transfer functions (SSM model) with noise level from Table II. The other curves give the individual contributions of the most relevant noise channels. This plot is assuming a GRS z sensing with a noise floor of 1.8 10 −9 m Hz −1/2 and a 1 /f noise increase from 1mHz and below. The S/C force and torque noise levels, extracted from equation 4, are all measured to be consistent with white noise. The white noise level along the X axis is measured to be of 0.17µN Hz −1/2 . See section VI and table II for more details.
optical sensor read-out of the x 1 coordinate (cf. reference axes of figure 1 ). In the figure are traced together the observed data (in blue) and the sum of all the contributors (in red), as predicted by a state space model of the closed loop system [16] (cf. section V and equation 2). The remaining lines show the break-down of the different components that contribute significantly to the sum: the external, out-of-loop forces applied on the S/C and the GRS sensing noise (mostly z 1 and z 2 sensing noise as visible after breaking down the contribution further) which are superimposed. The S/C force noise curve (dark green) is essentially due to the micro-thruster noise, for movements along X and rotation around Y. This has been demonstrated by using the Colloidal and cold-gas micronewton thruster systems alternatively and jointly [10] . Note that the presence of a strong GRS sensing noise component, around 0.1Hz, is due to the control strategy. Further details about this model reconstruction, and other examples, are given in section V. The residual spectrum of o 1 reflects the frequency behaviour of the drag-free control gain. Below 0.1Hz, the control loop gain is high and counters the noisy forces applied on the S/C (mostly thruster noise but also solar noise, etc.).
The drag-free gains continuously decrease with increasing frequencies to reach a minimum around 30mHz. The spectrum is conversely increasing as f 2 , reaching its maximum jitter level of about 7nm Hz −1/2 around 30mHz. At higher frequencies, the f −2 behaviour, due to the inertia of the TMs, is responsible for the spectrum drop. On the right end of the plot, above 1Hz, one would normally see read-out noise floor only. However, as shown by the dark brown dashed line on the right end of the plot, the optical sensing noise is outstandingly low, less than 0.1pm Hz −1/2 as already presented in [2] , such that it has almost no perceptible impact on o 1 in the frequency domain of interest. The discrepancy between the data (blue line) and the model prediction (thick red line) visible above 0.5Hz is considered to be due to the imperfection of the SSM model which does not reflect the non linear nature of the micronewton thruster system (e.g. pure delays). This has been confirmed by a comparison with ESA's simulator that does not assume this linear aspect.
The spectrum breakdown also gives interesting information about the Multiple-Input-Multiple-Output (MIMO) nature of the in-loop dynamics. In figure 2 , this appears clearly with the superimposed light brown dashed lines that shows the influence of the GRS sensing noise on the spectrum of x 1 , yet sensed by the OMS. Indeed, z 1 and z 2 sensing noise induces noisy S/C Y -axis (η) rotations as expected from the control scheme exposed in table I. This motion causes an apparent x−axis displacement of the TM1 inside its housing, the projection depending on the geometrical position of the housing w.r.t. the centre of mass of the S/C. This effect competes with force noise on the S/C at high frequencies.
V. Spectrum Decomposition Using a State Space
Model of the System -As shown in the previous section, breaking down the data according to a physical model turns out to be very informative for tracking down the physical origins of the in-loop coordinates spectral behaviour. This model developed by the LISA Pathfinder collaboration [16] (and implemented within the LTPDA software [17] ) is a Linear Time Invariant (LTI) State Space Model (SSM), meaning that the modeled dynamical behaviour of the closed loop system does not depend on time, nor on the actual dynamical state. The latter is encoded within a state-space representation in such a way that the N th -order differential sys-tem governing the dynamics transforms into a matrix system of N first-order equations, thus benefiting from the matrix algebra arsenal. The linearity and stationarity of the model allows for straightforward conversions between time-domain SSM and frequency domain transfer functions. The superposition principle holds because of linearity and allows one to decompose all the resulting spectra into their various contributions by extracting the relevant Single-Input-Single-Output (SISO) transfer functions from the MIMO model. In that spirit, the inloop sensor outputs can be decomposed with the help of closed loop transfer functions called sensitivity functions, which encode the sensitivity of the outputs to various out-of-loop disturbance signals, such as the sensing noise or the force noise applied on the bodies. Their respective transfer functions are named the S-gain and the L-gain as typically seen in the literature, and are given by the expressions:
whereas P , standing for Plant, are the transfer functions of the dynamical system under DFACS control (forces/torques to displacements) and K encodes the transfer functions of the DFACS. The prime symbols mention that these transfer functions are also including the transfer functions of the actuators (K = KA) and of the sensors (P = M P ), for sake of notation simplification. Hence, these closed-loop transfer functions potentially depend on all the subsystem transfer functions involved in the control loop, and more significantly on the plant dynamics and the control laws. Figure 3 gives an illustration of LISA Pathfinder closed-loop system which shows explicitly these transfer functions and the various in-loop and out-of-loop variables. Mathematically, the spectrum breakdown can be expressed in the following way:
ext andñ p are the Fourier transforms, for the degree of freedom q, of the associated in-loop sensor output, the out-of-loop force noises and sensing noises [18] respectively. Because the S-gain (the sensitivity function) and the L-gain (load disturbance sensitivity function ) are both MIMO functions, a sum is performed over the extra dimension to account for cross-couplings effects that can have an important impact on the spectra (like the role played by GRS sensing noise on the spectra of the figure 2) .
A number of instances illustrate this type of decomposition. A case of particular interest is the spectra of the TMs angular displacements around y and z axes, which Figure 3 . Simplified diagram of LISA Pathfinder closed loop system. The closed loop system is excited via three different out-of-loop signal channels: the guidance signal g (null in the case of "noise only run"), the sensing noise n, and the external forces Fext. The in-loop variables are indicated in blue, whereas the out-of-loop signals are in red. The in-loop variables are successively the states of motion X, the observed displacements Y , the error signal compared to targeted displacements e, the commanded F cmd forces, the effectively applied forces Fapp and the total resulting forces Ftot.
corresponding angles are labelled η and φ. The residuals behave in the most complex fashion because of numerous contributions that are equally competing to alter the TM orientation. As an example, figure 4 shows the spectral density of the in-loop η 1 optical sensing output. Every control type of the DFACS -drag-free, suspension and attitude controls -has an influence on this plot.
At the highest frequencies, the η 1 DWS sensing noise (dashed dark brown line) is the dominant factor. From 0.5mHz to 0.5Hz there is a complex interplay between the external forces applied on the S/C (i.e. micronewton thrusters), residuals of the drag-free compensation, and the GRS sensing noise (light brown) of y 1 , y 2 and θ 1 that are all Drag-Free controlled. At the lowest frequencies, the Star Tacker noise (orange line) which acts through the Attitude Control is the dominant source. It should be noticed that some of these noise sources, such as GRS y 1 and y 2 sensing noise (light brown), can be measured more directly through other channels; for example, see the analysis done in figure 5. In the region around 1mHz, in figure 4 back again, one is in presence of an ambiguity because observed spectrum can either be explained by the impact of TM torque noise of η 1 (light green) or by enhancing the reddening of the noise of y 1 and y 2 sensors. To remove this ambiguity, the reddening (1/f behaviour) has been measured independently by Armano et al. [19] . Figure 5 shows the behaviour of the z 1 sensing output. This case is representative of what can also be observed for Drag-Free variables such as outputs y 1 , y 2 , z 2 and θ 1 . These spectra are much simpler than for the η and φ channels. At the highest frequencies, the sensing noise (of z 1 in the figure) can be directly extracted. At lower frequencies, the behaviour of the spectra is essentially controlled by the Z external forces exerted on the S/C, which means an estimation of this noise is also readily measurable.
VI. Sensing and Actuation Noise -In the above section, equation 2 shows how the out-of-loop force and sensing noises impact the observed spectra. In this section we begin by giving some illustrative examples of how the noise levels impact different frequency ranges and we then present our quantitative results in table II. Depending on the frequency range, a given noise will dominate the observed spectra. For instance, at the highest frequencies (typically from f > 1Hz), observed displace- Figure 5 . Decomposition of the in-loop GRS measurement z2 spectrum into its various noise source contributions. The same explanations as in figure 2 apply. Note that the z2 state (black dashed line) -or z2 "true motion" -predicted from the model deviates very significantly from the in-loop GRS sensed z2 displacement (data in blue, model in red). As discussed in detail at section VII, the GRS sensor noise induce a jitters of the S/C at low frequency (here f < 1mHz) which is not observable from the in-loop GRS z2 output. This plot is assuming a GRS z sensing with a noise floor of 1.5 10 −9 m Hz −1/2 , a 1 /f noise increase from 1mHz and below, reaching a level of 4.5 10 −9 m Hz −1/2 at 0.1mHz. The S/C force and torque noise levels, extracted from equation 4, are all measured to be consistent with white noise. The white noise level along the Z axis is measured to be of 4.6 10 −7 N Hz −1/2 . See section VI and table II for more details.
ments of the S/C and the TMs are nearly insensitive to input external forces. Indeed, referring to equation 2, S gain ≈ 1 and L gain ≈ 0 in such region, reflecting the fact the inertia of the bodies increases along with frequency, as a consequence of the 1 /f 2 behavior of the dynamical system (double integrator, i.e. from force to displacement). Consequently, the noise of a given sensor dominates the observed spectra in most cases, allowing for a straightforward determination of its level: see the dashed brown lines in figures 4 or 5 as examples. An exception is showed by figure 2 where the sensor noise level is so low that even at the highest frequencies the sensitivity to the sensing noise is not reached and a determination of its noise level cannot be made. In reference Armano et al.
[3], the x1 IFO noise level is indeed shown to be as small as 30fm Hz −1/2 . At lower frequencies, below 5mHz, the out-of-loop S/C force noise usually dominates, see in figure 5 the dashed green line. The level of these noises can be determined with the help of the commanded forces or torques on/around the corresponding axis (see equation 3, discussed later in the section). In the case of figure 4 the situation is different and below 1mHz the Star Tracker noise dominates (brown dashed line). We discuss later in this section how these noises are estimated.
In most instances, the frequency dependence of the noises are not directly measurable by an analysis of the spectra, because they are here not distinguishable from that of the closed-loop model transfer function. We used therefore the results of independent and dedicated investigations that were performed during the mission. For the capacitive sensing noises, we refer to [19] which showed that these noises had a 1 / f (in amplitude) dependence below 1mHz whereas, for the capacitive actuation noises, [20] showed a 1 /f dependence (in amplitude) below 1mHz. We have performed an analysis of all the observables (x, y, z, θ, η and φ) associated to TM1 for a number of noise only runs. I for more details about the degrees of freedom). The first six lines correspond to the linear and angular sensing noises of TM1, whereas the last three lines correspond to the S/C Star Tracker noise. The third and fourth columns gives the values obtained in April 2016 and January 2017. The right panel of the table gives the values for the actuation noises. The first 6 lines correspond to the out-of-loop forces and torques on the S/C whereas the last 5 lines correspond to the capacitive actuation forces on TM1. The values given in this table correspond to the noise level at high frequencies. The 5th and 9th columns give the corner frequency and the power of the reddening of the noise below the corner frequency, when applicable.
Two special cases have to be highlighted. The last three observables on the left panel of the table (Star Tracker noises, entries 7-9) are obtained from a fit to the spectrum of the attitude control error signals out of the DFACS, corrected by the S-gain of the corresponding control loop. The attitude control is effective at frequencies well below the measurement bandwidth and the star tracker noise level dominates any actual S/C rotations in the latter bandwidth, which means that the attitude control error signal provides a direct measurement of the attitude sensor noise essentially, as confirmed by the state space model of the closed-loop system. From these time series, a fit is obtained assuming a white noise at high frequencies, a rise for frequencies below 3mHz and a saturation below 0.4mHz. The values given in table II correspond to the white noise floor. It should be noted that the Star Tracker noises also show a number of features, i.e. peaks in the frequency domain around 5mHz, which are not included in the corresponding fits. With regards to the actuation noise on the right-hand panel of the table, the first six entries correspond to the noisy external forces and torques applied on the S/C, essentially by the thruster system itself (as discussed in section IV). This force noise can be measured from the calculation of the out-of-loop forces exerted on the S/C. Equations 3, 4 and 5 present such calculations, where the indices ool and cmd distinguish between out-of-loop forces and torques applied, and those commanded by the control loop (that oppose the ool forces and torques when the control gain is high). The meaning of the variables has been detailed in table I. The mass terms m SC , m 1 , m 2 , I SC , I 1 are the mass and the inertia matrices of the S/C and of the two TMs respectively (the TMs are labelled by their numbers only). Also, d denotes the distance between the working points of the two TMs (namely the centres of their housings).
The actuation noises of the capacitive actuators are addressed in the last five entries (7-11) on the right-hand side of the table. The force noise for linear degrees of freedom (y and z) are estimated from extrapolation of the x noise. They are built from the addition of the Brownian noise level observed for the x channels [2] and a model-based extrapolation of the actuation noise for degrees of freedom other than x, which is expected to be dominant below 0.5mHz because of the larger force and torque authorities along/around these axes. Regarding the torque noises (entries 9-10), their levels are measured at low frequency with the help of the following expression:
In equation 6, calculating the difference between IFO angular displacement measurements of the two TMs rejects common mode noise angular accelerations of the TMs, therefore the impact of S/C to TMs angular acceleration. Subtracting capacitive commanded torques provides then an estimate of the out-of-loop torques on the TMs. However, this calculation is typically valid only below 1mHz, above which frequency sensing noise rapidly dominates. Below 1mHz, applying 6 to the data, a flat noise torque is observed down to around 0.01mHz. As a conservative assumption, this white noise torque is averaged and extrapolated to the whole frequency band (hence labelled as white noise in table II). Note that equation 6 is not applicable to linear degrees of freedom y and z, since their differential channels are essentially sensitive to the largely dominant S/C angular acceleration noise and are Drag-Free controlled. A similar limitation applies to the θ case.
In table II, comparison between April 2016 and January 2017 data sets allows to appreciate the consistency between the "noise runs" and the stationnarity of the sensor and actuator performances. It is worth mentioning that independent studies by [10] also show consistent results and similar performances for the cold-gas thrusters at different times of the mission (September 2016 and April 2017).
VII. The Stability of the Spacecraft -It has been shown in the previous sections that the SSM was able to reproduce and explain the in-loop observations of the linear and angular displacements of the TMs relative to the S/C through breaking down the control residuals into the respective contributions of the individual noise sources. This model can now be used to assess physical quantities that are out of reach of on-board sensors, such as "true displacement" of the bodies and their acceleration w.r.t. their local inertial frame.
Indeed, using properties of the Space State Model, one can extract the true movement of the S/C with respect to the TMs. This is done using the following formula:
whereX q SC is the Fourier transform, for the degree of freedom q, of the associated state variable, or alternatively called the true displacement (i.e, not the observed displacement) of the TMs with respect to the S/C. T qp gain is commonly named the T gain, or the complementary sensitivity function [18] . The difference between the true displacement and the observed displacement is that the former is estimated without applying the sensing noise whereas the latter corresponds to the response of the sensor output, i.e. with its noise. It should be noted, however, that the noise of previous time steps have an impact on the true displacement.
This important distinction is a classical feature of inloop variables of feedback systems. A closed-loop system will force the variable of interest to its assigned guidance value, generally zero. To do this, for example, it will apply a correcting force to the S/C that will not only compensate for any external disturbances, but will also be triggered by the noise of the corresponding position sensor, indistinguishable from true motion from the point of view of the DFACS. As a result, when the sensing noise is the leading component, the compensating force will make the S/C jitter in the aim of canceling out the observed sensing noise. Hence the state variable will exhibit this movement whereas the sensor will show a value tending to its guidance at low frequency. Figure 8 , discussed further in the text, illustrates this for the Z axis acceleration.
Assuming TM1 follows a perfect geodesic, and following LPF's DFACS philosophy (see table I), the stability of the S/C is defined by the dynamic variables shown in equation 8:
where d is the distance between the two TMs. However, the TMs cannot embody perfect local inertial frames, as they inevitably experience some stray forces, though of very low amplitude as previously demonstrated in [2] . Hence, as a second step, it is necessary to draw an estimation of the TMs acceleration w.r.t. their local inertial frames, and add it up to the relative acceleration between the TMs and the S/C calculated at the previous step. Reference [2] provides the acceleration noise floor due to brownian noise (S 1/2 0 = 5.6fm s −2 Hz −1/2 , divided by √ 2 for the acceleration of a single TM), to which is added, in accordance to [3] , a 1/f component starting from around 0.5mHz and below. The nature of this noise is still unknown to this day, but has to be included in the analysis nevertheless.
Another factor that impacts the LPF stability is the GRS actuation noise. On the X axis, the impact is minimal because the actuation authority is set to a minimal value, just above the one required to compensate for the internal gravity gradient. On the other axes and on the angular degrees of freedom however, the actuation noise is expected to be dominant below 1mHz according to model extrapolations for higher authority degrees of freedom [20] (see table II and discussion in section VI). Figures 6 and 7 show the stability (jitter) of the S/C and give a quantitative estimate of the true movement of the S/C (for linear and angular degrees of freedom, respectively) relative to the local geodesic. In these figures at high frequencies (f 2Hz), one can note because of inertia of the S/C, the stability of the S/C improves with frequency. The region between 0.02Hz and 2Hz is explained by the characteristics of the control loop which Table II. Table of incompletely compensate the noise of the micronewton thruster system. Below this frequency band, the accelerations are exponentially suppressed by the drag free loop until the effects of the capacitive sensing devices are observed, see for example around 2mHz for the Y and Z accelerations in figure 6 . Note that this effect is not observed on the X axis because the optical sensing device has a very low noise, of the order of 35fm Hz −1/2 . Below 1mHz the noise coming from the Star Tracker and the unexplained 1/f noise component explains the degradation of performance.
In figure 7 , for 1mHz f 0.1Hz, one notices that H and Φ stability are better that the one observed for θ. This is because θ is measured by electrostatic angular sensor of TM1, whereas η and φ are measured by combinations of z 1 and z 2 and of y 1 and y 2 (see table I), which have higher SNR benefiting from a larger lever arm between electrodes and noise averaging from electrodes redundancy compared to the single GRS angular channel.
VIII. Decomposing the Stability of the Spacecraft - Figures 6 and 7 present the stability of the S/C on all degrees of freedom. They show the complex behaviour of these stability performances. It is important to understand where the observed features come from. As an example, figure 8 illustrates the decomposition of the acceleration stability on the Z axis. Note that the Z stability for LISA Pathfinder is calculated as the average z values of TM1 and of TM2 (see equation 8 ). The red curve shows the sum of the listed contributions predicted by the State Space Model.
At the highest frequencies (f > 0.5Hz) the Z sensing noise and the out of loop noise (i.e. mainly thruster noises) are predominant contributors. They are however countered by the inertia of the heavy S/C that does not allow it to move significantly, hence the roll-off of the red curve up to the Nyquist frequency at f = 5Hz for this data. At lower frequencies (5 mHz < f < 0.5 Hz) , the out of loop forces are attenuated by the control loops, hence the exponential decrease below 10mHz. Between 0.5mHz and 5mHz, the GRS sensing noise on Z is the dominant factor. This creates a movement of the S/C because the closed-loop system erroneously interprets this sensing noise as a non-zero position of the TMs to be corrected by the displacement of the S/C. Below this range the Star Tracker noise dominates, while at the lowest frequencies, the capacitive actuation noise governs the platform stability. Also indicated in this figure, and for illustration, is the effect of the Brownian noise which does not impact the stability performances on the Z axis.
These explanations can be applied to all degrees of freedom with some differences for the X axis. For this axis, the optical sensing noise is much smaller than GRS sensing noise and thus does not impact significantly the frequencies between 0.5mHz and 5mHz. Another difference relates to the noise of capacitive actuation which is also much lower on X. At the lowest frequencies (around 0.01mHz), one observes the impact of the "excess noise" that is discussed in [3] .
IX. The Impact of the Star Tracker Noise -Most of the contributions to S/C acceleration w.r.t. the local inertial observer are readily understandable. However, the impact of the Star Tracker noise is more subtle and needs explanation. The reason it impacts the platform stability is because the center of mass of the S/C does not coincide with the middle of the TM housing positions. By construction the center of mass is situated 6.25cm below the housings along Z axis, but due to mechanical imperfections, it is also offset by a few millimeters on the X and Y axis (see equation 9 and figure 9). star tracker sensor induces an apparent linear displacement of the TMs inside their housings. Such linear displacement has a significant component along X if the center of mass happens to be off-centered w.r.t. the middle of the line joining the two TMs. The projection of the force on X indeed scales with the sine of the angle made by the line joining the center of the housing and the S/C center of mass (that is to say the vector BH 1 ), and the axis joining the two housings (the vector H 1 H 2 ). Such an effect can more formally be interpreted as the result of the (so-called) Euler force, an inertial force proportional to S/C angular acceleration arising from the point of view of a non-inertial platform. Consequently, the Drag-Free control will react on and correct the (so-induced) displacement of TM1 inside its housing. What was only an apparent force applied on the test mass then becomes a true force applied on the S/C along X through the micronewton thrusters and the feedback control. In fact, everything happens as though there existed a rotationto-translation coupling of the S/C displacement, due to S/C geometry and DFACS activity. It is also worth noting that the impact on X-axis stability is observed to be greatly reduced in the case where the center of mass lies in the line joining TM housing centers.
Equation 10 provides an expression for the inertial forces responsible for the TMs displacement and equation 11 shows the Drag-Free control forces commanded to the micro-propulsion system in order to correct for the effect of the inertial forces. In these two equations, only the linear accelerations of the S/C are considered to emphasize the rotation-to-translation coupling of the S/C dynamics. Figure 9 . Simplified sketch of LISA Pathfinder apparatus. The xBz cross-section is represented here. The figure shows how any rotation of the S/C, in particular an H-rotation around the Y axis, leads to apparent displacement of TM1 inside its housing that has a significant component along the X-axis (proportional to sin here) when the S/C center of mass is shifted from the center of the two housings.
The State Space Model predicts such indirect influence of the star tracker if set with a center of mass located off the axis joining the two TMs. The set values in the model are the ones shown in the equation 9. Figure 10 shows the impact of the star tracker noise on the S/C stability along the X axis, together with all the other contributors already discussed in section VIII. The blue trace is the combination of data sensor outputs given by equations 12 and 13, and involving the double derivative of TM1 interferometer readoutö 1 and the measurement of the force applied to the S/C along X to counteract the Euler force, presented in equation 11. The angular acceleration of the satellite needed to compute the Euler force amplitude is recovered from GRS θ 1 measurements, and z and y differential measurements differentiated twice and corrected from the direct electrostatic actuation applied on the TMs T cmd X , F cmd z , F cmd y in order to trigger the S/C rotation according to the DFACS control scheme (see table  I ). Figure 10 shows solid agreement between SSM predictions and computations from observations for the star tracker noise influence on stability along the X axis. It is visible in this figure that the star tracker noise deteriorated significantly platform stability at low frequencies by up to 3 orders of magnitude at 0.1mHz. It is particularly noteworthy along the X axis where high sensitivity of the optical sensor should have allowed for stability of the platform at the same level of quietness as the test mass itself (see the dark green dashed line in figure 10 ), if it was not for the presence of a noisy sensor such as the star tracker (relatively to the other sensors of very high performance) within the DFACS loop. It is also worth noting that such stability performance decrease due to S/C attitude sensing noise will be largely mitigated in the case of LISA, where Differential Wave-front Sensing of the inter-spacecraft laser link will provide attitude measurement of much higher precision. Figure 10 shows a projection to LISA performances (light gray) following this consideration, hence excluding the contribution from the star tracker noise. Besides, in the case of LISA, studying the stability of the S/C center of mass is less relevant than studying the stability of the optical benches, which are geometrically much closer to the TMs, and thus less affected by the rotation-to-translation coupling here discussed.
X. Conclusion -A frequency domain analysis and a decomposition of all in-loop coordinates associated to TM1 has been presented in order to highlight the DFACS performance of the LISA Pathfinder mission. The stability of the LISA Pathfinder platform, with respect to a local geodesic, has also been estimated. A number of points can be concluded from this study: Figure 10 . Stability of the S/C along X as a function of frequency as simulated by the LP F State Space M odel (red) and as measured with a combination of observed data (blue) that takes into account the impact of the star tracker noise (according to equations 10 and 11). Similar to the red line, the gray solid trace gives the model prediction for X stability of the S/C, though excluding the impact of the star tracker, hence providing a projection to the LISA observatory case (for which attitude control will be driven by DWS sensing of the inter-spacecraft laser beam, seen as an inertial attitude reference). The dashed-line traces show the model decomposition. This figure uses parameters and data obtained from the April 2016 "noise only run".
• The study has shown that the LISA Pathfinder platform has remarkable performance in terms of stability over all degrees of freedom. The privileged X axis has outstanding performance but the other degrees of freedom show adequate performance which demonstrate the interest of such a platform for other applications. Improvements in some of the sensors and actuators could enhance this performance.
• This study shows that the stability of LISA Pathfinder, in term of acceleration w.r.t local inertial reference frame, is sensitive to the GRS sensing noise around 1mHz and to TMs force noise at lower frequency. Above 0.1Hz, the stability performances are impacted by the (micro-thruster) force noise and by the DFACS control loop.
• Below 1mHz, the noise of the Star Tracker strongly impacts the performance of the system on all degrees of freedom. It should be noted however that, for LISA, several orders of magnitude improvements on attitude control performances are expected, benefiting from 10 −8 rad Hz −1/2 precision attitude sensing with DWS on the incoming long-range laser beam [5] , rather than the ( 10 −4 rad Hz −1/2 ) level achieved by the LPF star tracker at low frequency, around 0.1mHz.
• The LPF SSM [16] developed by the collaboration provides a reliable description of the closed loop dynamics, showing that the LISA Pathfinder system can be approximated by a linear system for frequencies lower than 0.2Hz. Hence, the State Space Model has been used to estimate the stability of the LISA Pathfinder platform over a wide frequency range, highlighting its remarkable performances.
• The demonstrated reliability of the model is an item of interest for the upcoming task of extrapolating LISA Pathfinder results towards LISA simulations and design. Such work is ongoing and will be published in the near future.
• The quality of the performances obtained by the LISA Pathfinder platform, with respect to the local geodesic, should therefore allow definition of similar platforms for other type of space-based measurements.
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